Heine-Borel does not imply the Fan Theorem by Moerdijk, I.
PDF hosted at the Radboud Repository of the Radboud University
Nijmegen
 
 
 
 
The following full text is a publisher's version.
 
 
For additional information about this publication click this link.
http://hdl.handle.net/2066/128978
 
 
 
Please be advised that this information was generated on 2017-12-05 and may be subject to
change.
THE JOURNAL OF SYMBOLIC LOGIC 
Volume 49, Number 2, June 1984 
HEINE-BOREL DOES NOT IMPLY THE FAN THEOREM 
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Introduction. This paper deals with locales and their spaces of points in 
intuitionistic analysis or, if you like, in (Grothendieck) toposes. One of the 
important aspects of the problem whether a certain locale has enough points is that 
it is directly related to the (constructive) completeness of a geometric theory. A 
useful exposition of this relationship may be found in [1], and we will assume that 
the reader is familiar with the general framework described in that paper. 
We will consider four formal spaces, or locales, namely formal Cantor space C, 
formal Baire space B, the formal real line R, and the formal function space RR being 
the exponential in the category of locales (cf. [3]). The corresponding spaces of 
points will be denoted by pt(C), pt(B), pt(R) and pt(RR). Classically, these locales all 
have enough points, of course, but constructively or in sheaves this may fail in each 
case. Let us recall some facts from [1]: the assertion that C has enough points is 
equivalent to the compactness of the space of points pt(C), and is traditionally 
known in intuitionistic analysis as the Fan Theorem (FT). Similarly, the assertion 
that B has enough points is equivalent to the principle of (monotone) Bar Induction 
(BI). The locale R has enough points iff its space of points pt(R) is locally compact, 
i.e. the unit interval pt[O, 1] c pt(R) is compact, which is of course known as the 
Heine-Borel Theorem (HB). The statement that RR has enough points, i.e. that there 
are "enough" continuous functions from R to itself, does not have a well-established 
name. We will refer to it (not very imaginatively, I admit) as the principle (EF) of 
Enough Functions. 
As is well known, (BI) - (FT) -- (HB). A possible way of explaining that (BI) 
implies (FT) is by observing that B is homeomorphic to the exponential CC, as has 
recently been pointed out by Hyland [3]. In the present context, therefore, the 
exponential RR is a natural object of study. Note that (BI) (EF) since RR is 
countably presented, and hence a continuous image of B. The principle (FT) holds in 
every spatial topos, but (BI) does not, so the implication (BI) = (FT) is not reversible 
(cf. [2]). 
In [1, ?4.11], it was asked whether (HB) implies (FT). We will show that this is not 
the case by proving that R has enough points in sheaves over the locale K(R2) of 
coperfect open subsets of R2. Hyland has asked whether (BI) or (FT) follows from 
the assertion that RR has enough points. We will show that in the same topos of 
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sheaves over K(R2), (EF) holds, thus answering Hyland's question negatively (?2 
below). The converse implication (FT) (EF) will also be seen to be false, but 
(EF) = (HB) is true (?1). 
Thus, our results complete the picture of valid implications in intuitionistic 
analysis, or in toposes, between the four statements (FT), (BI), (HB), and (EF): in the 
diagram below, the implications indicated are the only ones that hold. 
(BI) -: (FT) 
(EF)=>(HB) 
?1. Internal locales. Let us begin with some conventions. There has been some 
confusion concerning the use of the terms locale, frame, space, etc. In this paper, the 
words locale and frame are used as in [1], and the elements of the frame 
corresponding to a locale A will be called the opens of A. A space is a locale with 
enough points, or equivalently, a sober topological space. The product sign x will 
always denote the product in the category of locales. If X and Y are spaces 
their product in the category of topological spaces is denoted by X x, Y; so 
X xs Y pt(X x Y). As pointed out above, C, B and R all have enough points 
classically, and we will use C, B, and R to refer to the corresponding external spaces. 
RR refers to the external exponential, i.e. the space of continuous functions R -+ R 
with the compact-open topology. 
If A is an external locale, (internal) locales in Sh(A) are locales over A, i.e. 
continuous maps X -+ A of locales in the real world of sets, and internal continuous 
maps from X to Y correspond to external continuous maps over A. As is well known, 
formal Cantor space, formal Baire space, and the formal real line interpreted in 
Sh(A) are represented by the projections C x A -+ A, B x A -+ A, and R x A -+ A. 
Since RR is defined as the exponential in the category of locales, it follows that its 
interpretation in Sh(A) is presented by RR x A -+ A. 
The following very useful observation is due to Hyland, and is also mentioned in 
[1]. 
1.1. LEMMA. Let X and Y be sober spaces, i.e. locales with enough points. Then the 
internal locale Yx represented by the projection Y x X -+ X has enough points in 
Sh(X) iff the locale product Y x X has enough points externally, i.e. coincides with 
Y xs X. (This happens for example if either X or Y is locally compact.) 
Recall that a sublocale Aj of a locale A is called closed if j is of the form (-) v a for 
some open a of A. It is easily seen that classically, a closed sublocale of a space is 
again a space. (This need not be true intuitionistically! Cf. 2.6 below.) We now 
immediately derive 
1.2. THEOREM. (a) In spatial toposes, (EF) holds if and only if (BI) does. 
(b) There exists a spatial topos in which (EF) fails, hence in particular (FT) does not 
imply (EF). 
PROOF. (a) Note that in sets, B = NN is homeomorphic to a closed subspace of RR. 
Now suppose X is any space such that Sh(X) satisfies (EF). Then by Lemma 1.1, 
RR x X is spatial. But since the pullback of a closed sublocale is again closed, it fol- 
lows from the remark above that NN x X must be spatial, so by applying 1.1 again 
we find that Sh(X) satisfies (BI). Conversely, the implication (BI) = (EF) holds in 
any topos, as pointed out in the Introduction. 
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(b) (BI) fails in sheaves over the space Q of rationals, but (FT) holds in any 
spatial topos (cf. [2]). [2 
Let us observe that R is a continuous image of RR: evaluation at a point of R gives 
a surjective map RR -+ R of locales. Hence (EF) implies (HB). Thus the only 
questions still open are whether (EF) implies (FT) and whether (HB) implies (FT). 
The first implication, and hence also the second, will be seen to be false in sheaves 
over K(R2), to which we now turn. 
?2. The model over K(R2). Let j be the smallest nucleus (J-operator, closure- 
operator) on (9(R2) which identifies U and U\{t}, for each open U and each point t. 
The resulting sublocale of R2 is denoted by K(R2); its lattice of opens is precisely the 
lattice of complements of perfect closed subsets of R2. Obviously, K(R2) cannot 
have any points. In [2], it was shown that (FT) fails in sheaves over K(R2). We will 
show that (EF), and hence (HB), do hold over K(R2), thus answering the remaining 
open questions mentioned above. To illustrate how small K(R2) really is, we begin 
with the following observation. 
2.1. PROPOSITION. Let A be any subset of R2 which does not contain a perfect closed 
set. Then the inclusion K(R2) c+ R2 of locales factors through the inclusion 
R2\A c+ R2 of spaces, i.e. K(R2) is a sublocale of R2\A. 
PROOF. If U is open in the subspace R2\A, then U = Int(U u A)\A (where the 
interior is taken in R2). For such a U e (C(R2\A), we denote Int(U u A) by U. 
((R2\A) (-) q (R2\A) ((R2) 
\ ~~~~~jl *\if 
K(R2) 
Now in the above diagram of frames, define 9p* by (p*(U) = j(U). We claim that 
(a) the diagram commutes, i.e. j(V) = j(Int(V u A)) for each open V c R2, and 
(b) (p* is a frame map, i.e. it preserves finite meets and arbitrary joins. 
PROOF OF (a). Obviously, j(V) cj(Int(V u A)). R2\j(V) is the largest perfect 
closed subset of R2\V, and similarly for R2\j(Int(V u A)). So to prove that 
j(Int(V u A)) c j(V), it suffices to show that if F is a perfect closed subset of R2\ V, 
we also have F c R2\Int(V u A) = R2\(V u A). Now if x is a point of such an F, 
let W, be an open neighbourhood of x, and let C be a copy of the Cantor set, 
C c W n F. Then C n V = 0, so W ' V u A would imply C c A, contradict- 
ing the assumption on A. Hence Wx V u A, i.e. x e R2\(V u A). 
PROOF OF (b). It is clear that 9p* preserves the top and bottom elements, as well as 
binary intersections. Now let {U I i e I} be a collection of open subsets of R2\A. We 
need to show that 
j(UiEInt(A u Ui)) = j(Int(A u UiEI Ui)). 
But by (a), it suffices to show that A u UiEI Int(A u UL) = A u Int(A u UiEI UL) 
which is obviously true. 
Thus, we have a map of locales K(R2) -"* R2\A, giving the required factorization. 
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We now turn to Sh(K(R2)). If X is a space (externally), we obtain an internal 
locale represented by the projection X x K(R2) -+ K(R2). X x K(R2) is a sublocale 
of X x R2 (note that X x R' = X x, R2, since R2 is locally compact), and we have a 
pullback of locales 
X X K(R) > K(R2 
XXR2 - R -, R2 
We write 1 0j:C9(X x R2) _+ ()(X x K(R2)) for the frame-map corresponding to 
the inclusion X x K(R2) c4 X x R2. Thus each open of X x K(R2) is the form 
1 0j(W) for some subset W of X x R2, and we use W as a name for this open of 
X x K(R2). Recall that the (global) opens of the internal locale X x K(R 2) -+ 
K(R2) are just the opens of X x K(R2). The crucial part of the proof is the following 
lemma. 
2.2. LEMMA. Let (X, d) be a complete metric space, and W an open subset of 
X x R2 such that Sh(K(R2)) k W = T when W is regarded as an open of the internal 
locale X x K(R2) -+ K(R2). Then there exist a copy D c R2 of the Cantor set and a 
continuous function f :D -+ X such that the graph off is disjoint from W. (T denotes 
the top element of any locale.) 
PROOF. It is notationally convenient to assume that complete metrics have been 
fixed in X, R2, and X x R2, which are bounded by 1, and such that A c X and 
B c R2, diam(A x B) ? max(diam(A), diam(B)). By induction we will first define 
for each finite sequence u e 2'<N a nonempty basic open subset O, = U. x V. of 
X x R2 such that for all sequences u and v: 
1) . c= O'v if u extends v, O r- Ov = 0 if u and v are incompatible, and 
diam(O.) < 2- lth(U); and hence also 
2) V. ' Vv if u extends v, V. r- Vv = 0 if u and v are incompatible, and 
diam(VT) < 2- lth(u); furthermore 
3) j(V.) V O. < W wherej is the nucleus of 2.1). 
For the case u = < >, the empty sequence, we just take U. = X, V. = R2. For the 
induction step, the following observation is needed: 
(*) For any sentence (p, and any nonempty open V c R2, if j(V) V (p then there are 
nonempty opens V0, V1 C V with VO n V1 = 0, such that j(VO) (p, j(VJ) V . 
PROOF OF (*). If j(V) V (p, then V - S(p must contain a perfect closed set, and 
hence a copy of the Cantor set K. Write K as the disjoint sum of two copies Ko and 
K1 of the Cantor set, and let VO and V1 be open neighbourhoods of Ko and K1 such 
that VO r) V1 = 0. Then K0 c VO - ljP, so j(Vo) 4 (pj, i.e. j(VO) V (p. Similarly 
j(V1) V 9p. (The referee pointed out that this argument is somewhat simpler than my 
original proof of (*).) 
(*) being established, let us suppose that the O. have been defined for all sequences 
of length n, and pick one such sequence u. We will now define z,* O and O0, . Using 
(*), we may choose two nonempty open sets V0, V1 c V. such that VO n V1 = 0, and 
j(Vo) O < ?W, j(V1) V 0 <W That is, in X x K(R2), we have for each i = 0, 1, 
Ou A 1T2 (Vi) 4 W A Ou A 2 l(Vi), 
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or equivalently U. x Vi 4 W. Now keep i fixed, and cover U. x Vi in X x R2 by 
open cubes B; = U; x V; of diameter < 2-(n+ 1) (; ranging over some indexing set), 
such that B; ' U x V. Then the B; also form a cover of U. x Pi in X x K(R2), 
so for some C, say Si, we must have that in X x K(R2), B; 4 W. Now let O0, = 
B~i = Uxi x V~i, so V *i = V~i C V. Then from the fact that B~i 4 W in X x K(R2) 
it follows that Ou*i 4 W r) 7r-'(Vu*) in X x K(R2), which just means that 
j(V* i) O ?*i < W, so condition 3) is satisfied. Conditions 1) and 2) are obvious. 
We will now build our Cantor set D. Let us write F = (X x R2)\ W, and 
Fu = Ou\ W = (Uu x Vu)\ W. By condition 3), each Fu is nonempty (in fact, from 
Proposition 2.1 we may even derive that it2(Fu) must contain a copy of the Cantor 
set). Hence we can choose a point Yu EFU for each u e 2<'N. Write xu = 7t2(Yu) e Vu. By 
condition 2), we find that for each o e 2', {xu}"u, is a Cauchy sequence, so it 
converges to a point x,, e R2. Note that also by 2), all the x,, must be different, since 
x- e fu if u < a. Let D = {x I a e 2N}. Then as a subspace of R2, D is homeomorphic 
to the Cantor space. (The canonical map a c x,, is a continuous bijection, hence a 
homeomorphism, from the Cantor space to D.) 
By condition 1), each sequence {Jy}u<u, also is a Cauchy sequence. Hence it 
converges to a point yt, which must necessarily lie in the closed set F. Now let 
g: D -+F c X x R2 be the function defined by g(x,) = y,. Then g is continuous, and 
since 7t2(Yo) = limu<0itz2(Yu) = limu<ocxu = xt, g must be of the form (fid), thus 
giving us the required continuous function f: D -+ X. 
Recall that a (Hausdorff) space X is called an absolute neighbourhood retract 
(ANR) for a space Y if for any closed subset G c Y. every continuous function 
G -+ X has a continuous extension over some open subset of Y containing G. 
2.3. THEOREM. If X is a complete metrizable space and an ANR for R2, then the 
internal locale represented by X x K(R2) K(R2) has enough points in sheaves over 
K(R2). 
PROOF. Let W and W' be two open subsets of X x R2 with W c W', such that if 
we regard them as names for internal opens of the locale X x K(R2) -+ K(R2), then 
Sh(K(R2)) 1= pt(W') c pt(W). We want to show that Sh(K(R2)) 1= W, c W, and for 
this it suffices to show that for every cube U x V which is contained in W', 
Sh(K(R2)) 1= U x V ' W. If not, then we can apply Lemma 2.2 with X replaced by 
U and R2 replaced by V to obtain a continuous function g: D -+ U, where D is perfect 
closed, such that for each p e D, (g(p), p) 0 W. We can then extend g to a continuous 
function N 4 U with open domain N c V, and the function (f,id):N -*X x R2 
then restricts to an internal point q of X x K(R2) -+ K(R2) defined over j(N). 
Since (f, id)<-'(W) r) D = 0, we cannot have j(N) I= q e W, although we do have 
j(N) I= q e W'. This contradicts the fact that Sh(K(R2)) 1= pt(W') c pt(W). [2 
2.4. COROLLARY. (a) In Sh(K(R2)), RR and R have enough points, i.e. Sh(K(R2)) 
satisfies (EF) and (hence) (HB). 
(b) (EF) does not imply (FT) (and hence neither does (HB)). 
PROOF. As remarked at the beginning of this section, (b) follows from (a). (a) is 
immediate from the preceding theorem, since R" and R satisfy the hypothesis of 2.3 
by Tietze's extension theorem for normal spaces. 
The proof above does not use the full strength of Tietze's theorem. It is obvious 
that the same argument gives a more general version of 2.3 and 2.4: for example, we 
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could replace R2 by any complete metric dense-in-itself space Y and prove the 
analogous results for sheaves over K(Y). I do not know any application of this more 
general fact. 
2.5. REMARK. It follows from Proposition 2.1 that if W is an open subset of 
X x R2 such that Sh(K(R2) k W = T, 7t2(X x R2\ W) must contain a copy of the 
Cantor set. The converse is false, however. For example, let C c R2 be a fixed copy 
of the Cantor set, and let X be the set C with the discrete topology. Then if we let 
W = X x R2\{(xx)Ix E C}, W is open, but the image of W under the quotient 
map of frames 1 0 j: (9(X x R2) __(C)(X x K(R2)) is the top-element T; in other 
words, Sh(K(R2)) 1= W = T. To see this, let Bx = {x} x R2 E O(X x R2). Then for 
each x e C, Sh(K(R2)) 1= BX < W (just omit the point x from R2); hence since the 
sets Bx form an open cover of X x R2, Sh(K(R2)) 1= T = VxBx < W. 
This explains why the Cantor set D had to be constructed quite carefully in the 
proof of 2.2, and could not be obtained by just applying 2.1. However, if X is 
compact, the converse does hold, and a considerably easier proof can be given of 
Lemma 2.2 for this case. Consequently, Theorem 2.3 can be proved much more 
easily for locally compact X. This covers the special case Sh(K(R2)) 1= (HB) of 
Corollary 2.4, but does not apply to the case of RR, of course. El 
Let me end this paper by drawing attention to another curious phenomenon in 
intuitionistic analysis illustrated by the model over K(R2). 
2.6. COROLLARY. (In localic toposes) A compact closed sublocale of a space need not 
be a space. 
PROOF. Look at R and C in Sh(K(R2)). El 
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